
ENGN 2220: Mechanics of Solids

Handout on isotropic, linear elastic constitutive equations

In terms of the Lamé moduli, G and λ

Stress in terms of strain:

σ = 2Gǫ+ λ (trǫ)1 σij = 2Gǫij + λǫkkδij

Strain in terms of stress:

ǫ =
1

2G

[

σ −

λ

2G+ 3λ
(trσ)1

]

ǫij =
1

2G

[

σij −
λ

2G+ 3λ
σkkδij

]

In terms of the shear and bulk moduli, G and K

Stress in terms of strain:

σ = 2Gǫ
′ +K (trǫ)1 σij = 2Gǫ′ij +Kǫkkδij

Strain in terms of stress:

ǫ =
1

2G

[

σ −

3K − 2G

9K
(trσ)1

]

ǫij =
1

2G

[

σij −
3K − 2G

9K
σkkδij

]

In terms of the Young’s modulus E and Poisson’s ratio ν

Stress in terms of strain:

σ =
E

1 + ν

[

ǫ +
ν

1− 2ν
(trǫ) 1

]

σij =
E

1 + ν

[

ǫij +
ν

1− 2ν
ǫkkδij

]

Strain in terms of stress:

ǫ =
1

E
[(1 + ν)σ − ν (trσ) 1] ǫij =

1

E
[(1 + ν) σij − νσkkδij ]

Expanded:

ǫ11 =
1

E
[σ11 − ν (σ22 + σ33)] , ǫ12 =

1 + ν

E
σ12

ǫ22 =
1

E
[σ22 − ν (σ33 + σ11)] , ǫ23 =

1 + ν

E
σ23

ǫ33 =
1

E
[σ33 − ν (σ11 + σ22)] , ǫ13 =

1 + ν

E
σ13
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Isotropic, linear thermoelasticity in terms of E, ν, and α

Stress in terms of strain and temperature:

σ =
E

1 + ν

[

ǫ+
ν

1− 2ν
(trǫ) 1−

1 + ν

1− 2ν
α∆T1

]

σij =
E

1 + ν

[

ǫij +
ν

1− 2ν
ǫkkδij −

1 + ν

1− 2ν
α∆Tδij

]

Strain in terms of stress and temperature:

ǫ =
1

E
[(1 + ν)σ − ν (trσ) 1] + α∆T1 ǫij =

1

E
[(1 + ν) σij − νσkkδij] + α∆Tδij

Isotropic, linear thermoelasticity under plane stress conditions σ13 = σ23 = σ33 = 0
Stress in terms of strain and temperature:







σ11

σ22

σ12






=

E

1− ν2







1 ν 0

ν 1 0

0 0 1− ν













ǫ11

ǫ22

ǫ12






−

Eα∆T

1− ν







1

1

0







Strain in terms of stress and temperature:







ǫ11

ǫ22

ǫ12






=

1

E







1 −ν 0

−ν 1 0

0 0 1 + ν













σ11

σ22

σ12






+ α∆T







1

1

0







Isotropic, linear thermoelasticity under plane strain conditions ǫ13 = ǫ23 = ǫ33 = 0
Stress in terms of strain and temperature:







σ11

σ22

σ12






=

E

(1 + ν)(1− 2ν)







1− ν ν 0

ν 1− ν 0

0 0 1− 2ν













ǫ11

ǫ22

ǫ12






−

Eα∆T

1 − 2ν







1

1

0







Strain in terms of stress and temperature:







ǫ11

ǫ22

ǫ12






=

1 + ν

E







1− ν −ν 0

−ν 1− ν 0

0 0 1













σ11

σ22

σ12






+ (1 + ν)α∆T







1

1

0
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Relations between elastic moduli

G K E ν λ

G,K
9KG

3K +G

3K − 2G

2(3K +G)

3Kν

1 + ν

G,E
GE

3(3G−E)

E − 2G

2G

G(E − 2G)

3G−E

G, ν
2G(1 + ν)

3(1− 2ν)
2G(1 + ν)

2Gν

1− 2ν

G, λ λ+
2

3
G

G(3λ+ 2G)

λ+ G

λ

2(λ+G)

K,E
3EK

9K −E

3K −E

6K

3K(3K −E)

9K − E

K, ν
3K(1− 2ν)

2(1 + ν)
3K(1− 2ν) K −

2

3
G

E, ν
E

2(1 + ν)

E

3(1− 2ν)

Eν

(1 + ν)(1− 2ν)
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