
ENGN 2220: Mechanics of Solids

Handout on curvilinear coordinates

The general equations of continuum mechanics are best expressed in either direct no-
tation, or in rectangular Cartesian components. However, for the solution of particular
problems it is often preferable to employ other coordinate systems. The most commonly
encountered coordinate systems are

1. The cylindrical coordinate system which is good for solids that are symmetric around
an axis.

2. The spherical coordinate system which is used when there is symmetry about a point.

Here we summarize some important vector and tensor operations in these two curvilinear
coordinate systems. For detailed derivations of these relations, see Appendix D of Bower,
Applied Mechanics of Solids.

1 Cylindrical coordinates

Cylindrical coordinates (r, θ, z) are related to rectangular coordinates (x1, x2, x3) by

r =
√

x2
1
+ x2

2
, r ≥ 0

θ = tan−1(x2/x1), 0 ≤ θ ≤ 2π

z = x3, −∞ < z <∞,

or inversely by
x1 = r cos θ, x2 = r sin θ, x3 = z.

The orthonormal basis vectors in the cylindrical coordinate system are directed in the radial,
er, tangential, eθ, and axial, ez, directions as illustrated below.

e1

e2

e3

x1

x2

rθ

x3, z

er

eθ

ez

x
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The position vector is given by

r = r cos θe1 + r sin θe2 + ze3,

and the cylindrical basis vectors {er, eθ, ez} are related to the Cartesian basis vectors {e1, e2, e3}
by

er = cos θe1 + sin θe2,

eθ = − sin θe1 + cos θe2,

ez = e3.

Gradient of a scalar field: Consider a scalar field ψ(r, θ, z),

∇ψ =
∂ψ

∂r
er +

1

r

∂ψ

∂θ
eθ +

∂ψ

∂z
ez.

Gradient of a vector field: Consider a vector field u(r, θ, z),

∇u =
∂ur
∂r

er ⊗ er +

(

1

r

∂ur
∂θ

−
uθ
r

)

er ⊗ eθ +
∂ur
∂z

er ⊗ ez+

∂uθ
∂r

eθ ⊗ er +

(

1

r

∂uθ
∂θ

+
ur
r

)

eθ ⊗ eθ +
∂uθ
∂z

eθ ⊗ ez+

∂uz
∂r

ez ⊗ er +
1

r

∂uz
∂θ

ez ⊗ eθ +
∂uz
∂z

ez ⊗ ez,

or in matrix form

[∇u] =

















∂ur
∂r

1

r

∂ur
∂θ

−
uθ
r

∂ur
∂z

∂uθ
∂r

1

r

∂uθ
∂θ

+
ur
r

∂uθ
∂z

∂uz
∂r

1

r

∂uz
∂θ

∂uz
∂z

















.

Divergence of a vector field:

∇ · u =
∂ur
∂r

+
1

r

∂uθ
∂θ

+
∂uz
∂z

+
ur
r

Divergence of a tensor field: Consider a tensor field A(r, θ, z). The components of the
divergence of A are

(∇ ·A)r =
∂Arr

∂r
+

1

r

∂Arθ

∂θ
+
∂Arz

∂z
+

1

r
(Arr − Aθθ)

(∇ ·A)θ =
∂Aθr

∂r
+

1

r

∂Aθθ

∂θ
+
∂Aθz

∂z
+

1

r
(Aθr + Arθ)

(∇ ·A)z =
∂Azr

∂r
+

1

r

∂Azθ

∂θ
+
∂Azz

∂z
+
Azr

r
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Curl of a vector field:

∇× u =

(

1

r

∂uz
∂θ

−
∂uθ
∂z

)

er +

(

∂ur
∂z

−
∂uz
∂r

)

eθ +

(

∂uθ
∂r

−
1

r

∂ur
∂θ

+
uθ
r

)

ez

Laplacian of a scalar field:

△ψ =
∂2ψ

∂r2
+

1

r2
∂2ψ

∂θ2
+
∂2ψ

∂z2
+

1

r

∂ψ

∂r

Laplacian of a vector field:

△u =

(

△ur −
2

r2
∂uθ
∂θ

−
1

r2
ur

)

er +

(

△uθ +
2

r2
∂ur
∂θ

−
1

r2
uθ

)

eθ + (△uz) ez

Strain-displacement relations: Let u = urer + uθeθ + uzez denote the components of
the displacement vector in the cylindrical coordinate system. The strain is then

ǫ =
1

2

[

∇u+ (∇u)⊤
]

,

and has the following cylindrical components

ǫrr =
∂ur
∂r

,

ǫθθ =
1

r

∂uθ
∂θ

+
ur
r
,

ǫzz =
∂uz
∂z

,

ǫrθ =
1

2

(

1

r

∂ur
∂θ

+
∂uθ
∂r

−
uθ
r

)

,

ǫθz =
1

2

(

1

r

∂uz
∂θ

+
∂uθ
∂z

)

,

ǫzr =
1

2

(

∂uz
∂r

+
∂ur
∂z

)

.

Equilibrium equations: In direct notation, the equilibrium equations are given by

∇ · σ + b = 0.

Expanding in cylindrical coordinates,

∂σrr
∂r

+
1

r

∂σrθ
∂θ

+
∂σrz
∂z

+
1

r
(σrr − σθθ) + br = 0,

∂σrθ
∂r

+
1

r

∂σθθ
∂θ

+
∂σθz
∂z

+
2

r
σrθ + bθ = 0

∂σrz
∂r

+
1

r

∂σθz
∂θ

+
∂σzz
∂z

+
σrz
r

+ bz = 0.
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2 Spherical coordinates

Cylindrical coordinates (r, θ, φ) are related to rectangular coordinates (x1, x2, x3) by

r =
√

x2
1
+ x2

2
+ x2

3
, r ≥ 0

θ = cos−1

(

x3
√

x2
1
+ x2

2
+ x2

3

)

, 0 ≤ θ ≤ π

φ = tan−1(x2/x1), 0 ≤ φ < 2π,

or inversely by

x1 = r sin θ cosφ, x2 = r sin θ sinφ, x3 = r cos θ.

The orthonormal basis vectors in the spherical coordinate system {er, eθ, eφ}, directions as
illustrated below.

e1

e2

e3

x1

x2

er

eθ

φ

eφ

θ x3

x

r

The position vector is given by

r = r sin θ cosφe1 + r sin θ sin φe2 + r cos θe3,

and the spherical basis vectors {er, eθ, eφ} are related to the Cartesian basis vectors {e1, e2, e3}
by

er = sin θ cosφe1 + sin θ sin φe2 + cos θe3,

eθ = cos θ cosφe1 + cos θ sin φe2 − sin θe3,

eφ = − sinφe1 + cosφe2.

Gradient of a scalar field: Consider a scalar field ψ(r, θ, φ),

∇ψ =
∂ψ

∂r
er +

1

r

∂ψ

∂θ
eθ +

1

r sin θ

∂ψ

∂φ
eφ.
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Gradient of a vector field: Consider a vector field u(r, θ, φ). In matrix form

[∇u] =



















∂ur
∂r

1

r

∂ur
∂θ

−
uθ
r

1

r sin θ

∂ur
∂φ

−
uφ
r

∂uθ
∂r

1

r

∂uθ
∂θ

+
ur
r

1

r sin θ

∂uθ
∂φ

−
cot θ

r
uφ

∂uφ
∂r

1

r

∂uφ
∂θ

1

r sin θ

∂uφ
∂φ

+
cot θ

r
uθ +

ur
r



















.

Divergence of a vector field:

∇ · u =
∂ur
∂r

+
1

r

∂uθ
∂θ

+
1

r sin θ

∂uφ
∂φ

+
cot θ

r
uθ +

2ur
r

Divergence of a tensor field: Consider a tensor field A(r, θ, φ). The components of the
divergence of A are

(∇ ·A)r =
∂Arr

∂r
+

1

r

∂Arθ

∂θ
+

1

r sin θ

∂Arφ

∂φ
+

1

r
(2Arr −Aθθ − Aφφ + cot θArθ)

(∇ ·A)θ =
∂Aθr

∂r
+

1

r

∂Aθθ

∂θ
+

1

r sin θ

∂Aθφ

∂φ
+

1

r
[2Aθr + Arθ + cot θ (Aθθ −Aφφ)]

(∇ ·A)φ =
∂Aφr

∂r
+

1

r

∂Aφθ

∂θ
+

1

r sin θ

∂Aφφ

∂φ
+

1

r
[2Aφr + Arφ + cot θ (Aφθ + Aθφ)]

Curl of a vector field:

∇× u =

(

1

r

∂uφ
∂θ

−
1

r sin θ

∂uθ
∂φ

+ cot θ
uφ
r

)

er

+

(

1

r sin θ

∂ur
∂φ

−
∂uφ
∂r

−
uφ
r

)

eθ +

(

∂uθ
∂r

−
1

r

∂ur
∂θ

+
uθ
r

)

eφ

Laplacian of a scalar field:

△ψ =
∂2ψ

∂r2
+

1

r2
∂2ψ

∂θ2
+

1

(r sin θ)2
∂2ψ

∂φ2
+

2

r

∂ψ

∂r
+

cot θ

r2
∂ψ

∂θ

Laplacian of a vector field:

△u =

[

△ur −
2

r2

(

ur + uθ cot θ +
∂uθ
∂θ

+
1

sin θ

∂uφ
∂φ

)]

er

+

[

△uθ +
1

r2

(

2
∂ur
∂θ

−
1

sin2 θ
uθ − 2

cos θ

sin2 θ

∂uφ
∂φ

)]

eθ

+

[

△uφ +
1

r2 sin θ

(

2
∂ur
∂φ

+ 2 cot θ
∂uθ
∂φ

−
1

sin θ
uφ

)]

eφ
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Strain-displacement relations: Let u = urer + uθeθ + uφeφ denote the components of
the displacement vector in the spherical coordinate system. The strain then has the following
spherical components

ǫrr =
∂ur
∂r

,

ǫθθ =
1

r

∂uθ
∂θ

+
ur
r
,

ǫφφ =
1

r sin θ

∂uφ
∂φ

+
cot θ

r
uθ +

ur
r
,

ǫrθ =
1

2

(

1

r

∂ur
∂θ

+
∂uθ
∂r

−
uθ
r

)

,

ǫθz =
1

2

(

1

r sin θ

∂uθ
∂φ

+
1

r

∂uφ
∂θ

−
cot θ

r
uφ

)

,

ǫzr =
1

2

(

∂uφ
∂r

+
1

r sin θ

∂ur
∂φ

−
uφ
r

)

.

Equilibrium equations: In spherical coordinates, the equilibrium equations are given by

∂σrr
∂r

+
1

r

∂σrθ
∂θ

+
1

r sin θ

∂σrφ
∂φ

+
1

r
(2σrr − σθθ − σφφ + cot θσrθ) + br = 0,

∂σrθ
∂r

+
1

r

∂σθθ
∂θ

+
1

r sin θ

∂σθφ
∂φ

+
1

r
[3σrθ + cot θ(σθθ − σφφ)] + bθ = 0

∂σrφ
∂r

+
1

r

∂σθφ
∂θ

+
1

r sin θ

∂σφφ
∂φ

+
1

r
(3σrφ + 2 cot θσθφ) + bφ = 0.
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